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In this work, we report an application of Hylleraas-B-spline basis set to the nonrelativistic Bethe
logarithm calculation of helium. The Bethe logarithm for n 1S, n up to 10, states of helium are
calculated with a precision of 7-9 significant digits in two gauges, which greatly improves the accuracy
of the traditional B-spline basis set. In addition, to deal with the numerical linear correlation
problem in Bethe logarithm calculation, we developed a multiple-precision generalized symmetric
eigenvalue problem solver (MGSEPS). This program may be very useful to precision calculations.
I. INTRODUCTION
Driven by precision measurements of few body atoms
and molecules, combining high accuracy experimental
data and theoretical calculations to extract the ba-
sic physical constants enters a new and more arduous
stage [1–4]. Among few body systems, helium has at-
tracted the attention of both theoretical and experimen-
tal researchers for a long time. Compared to hydrogen,
the 2 3P state of helium not only has a longer lifetime
but has a wider interval of the fine structure splitting.
Since Schwartz first proposed in 1964, helium is recog-
nized as the best atom system to extract the value of
fine-structure constant α up to now [3, 5]. On the other
hand, the high precise measurements for 2 3S → 2 1S
and 2 3S → 2 3P of helium can be used to determine
the nuclear charge radius, which may help to solve the
proton size puzzle [2, 6–10].
In the aspect of theoretical calculations, few body sys-
tems are relatively simple, which makes high precision
calculation on these systems is possible [11–13]. High pre-
cision calculation requires more comprehensive consider-
ation on these systems. For the light bounded systems,
nonrelativistic quantum electrodynamics (NRQED) pro-
vides an effective approach to describe their states [1, 14–
16]. In this approach, the energy levels of a given sys-
tem are expanded by fine-structure constant α, started
from the eigenvalues of the nonrelativistic hamiltonian.
Except for the leading term, the other terms are re-
garded as various physical effect contributions to non-
relativistic energy levels. In these terms, the Bethe log-
arithm (BL) is particularly remarked. Generally speak-
ing, BL type terms are caused by the contributions of
low-energy virtual photons, which makes the logarithmic
term, ln |H0 − E0|, appears. Inserted by complete in-
termediate states, the BL type terms can be calculated
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normally. However, for precision calculation, the specific
form of BL type term needs a huge interval of interme-
diate energy levels. This was a challenge to variational
method until 1999. In that year, Drake and Goldman
suggested the sum over pseudostates approach [17, 18].
This approach clears the obstacle and they got the nu-
merical results of BL in about 9-10 significant digits for
n 1,3S and n 1,3P , n up to 5, of helium-like systems. For
the higher principal quantum number states, Drake also
gave the 1/n expansions formulas in article [19]. Laterly,
there are many studies on the calculation of BL to extend
the range of application of pesudostates approach to the
other basis sets or systems [20–23]. In the same year, V.I.
Korobov and S.V. Korobov presented another approach
which is similar to Schwartz’s [24] and V.I. Korobov pre-
sented this method in a more explicit and general form in
2012 [25]. In Ref. [25], V.I. Kovobov obtained the values
of BL for the ground state of helium and H+2 in about 12
and 10 significant digits, respectively. At very recently,
using this method, V.I. Kovobov obtained the values of
BL for a wide range of principal quantum number and
orbital angular momentum states of helium [26].
Recently, we constructed the Hylleraas-B-spline (H-B-
spline) basis set and successfully applied it to the calcu-
lations of static dipole polarizabilities, dynamic dipole
polarizabilities and dynamic hyperpolarizabilities of he-
lium [6, 27]. This basis overcomes the ground state diffi-
culty of using the traditional B-spline basis and inherits
the property of fitting a wider range of initial states in one
diagonalization. Our previous works demonstrated the
well coupling of pesudostates approach and H-B-spline
basis. In this work, we extend this basis to the nonrel-
ativistic Bethe logarithm of helium. Previously, Tang et
al. reported an successfully application of B-spline ba-
sis set to BL of hydrogen [22]. And they also pointed
out the close relationship between the first non-zero knot
of B-spline and the interval of intermediate energy lev-
els generated by B-spline basis. However, in the case
of helium, the knots sequence of B-splines that are very
close to the origin results in the numerical linear cor-
relation problem. To overcome this problem, based on
2ARPREC [28], we developed a MPI parallel program,
MGSEPS, which can solve generalized symmetric eigen-
problem effciently. With this program, we calculate the
BL for n 1S, n up to 10, states of helium in accelera-
tion gauge and velocity-acceleration gauge respectively.
These results remedy the recent results of B-spline basis
for 1S states of helium [29], and provide some compar-
isons for the other methods.
The article is organized as follows. In Sec. II we briefly
introduce H-B-spline and give basic formulas of BL in
two gauges. Numerical results are presented in Section
III, together with a comparison with available theoretical
results. Finally, a summary is given in Sec. IV. Atomic
units (a.u.) are used throughout, unless otherwise stated.
II. THEORETICAL METHOD
A. Hylleraas-B-spline basis set
The Hamiltonian in infinite mass approximation of he-
lium is
H =
2∑
i
(
−
1
2m
~∇2i −
Z
ri
)
+
1
r12
. (1)
Where Z is the charge of nucleus, m is the electron mass,
ri is the distance between the i-th electron and nucleus,
r12 is the distance of two electrons. Considering the wave
function behavior at two electron coalescences, the wave
function of helium with total angular momentum L and
magnetic quantum number M could be expanded by
{Φijcl1l2 = Bi,k(r1)Bj,k(r2)r
c
12
Λ
LM
l1l2
(rˆ1, rˆ2)± exchange}.
(2)
Where ΛLMl1l2 is the vector coupled product of angular
momenta l1, l2 for the two electrons, Bi,k(r) represents
the i-th B-spline functions with k order defined in a finite
domain (0, rmax) [30]. The shape of Bi,k(r) depends on
the nondecreasing knot sequence {ti} (see below) and the
spline order k. In the following calculations, the knots
sequence are arranged as below:


ti = 0 i = 1, 2, . . . , k − 1,
ti = rmax
eγ(
i−k
N−k+1) − 1
eγ − 1
i = k, k + 1, . . . , N,
ti = rmax i = N + 1, . . . , N + k − 1.
(3)
And we set k = 7 and γ = τ × rmax.
In this article, we restrict c to less than 2. The param-
eters i, j, c, l1, l2 are arranged as bellow,
i = 1, 2, . . . , j,
j = 1, 2, . . . , N,
c = 0, 1,
l1 = 0, 1, . . . , lmax,
l2 = 0, 1, . . . , lmax.
(4)
Where N is called the total number of B-spline and lmax
is called the partial-wave expansion length. And the
terms which make the norm of Φijcl1l2 to be zero must
be eliminated.
B. Nonrelativistic Bethe logarithm
The definition of BL in acceleration gauge as below:
β(n, L, S) =
N (A)(n, L, S)
D(A)(n, L, S)
, (5)
where the n, L, S are the quantum numbers of initial
state. N (A) and D(A) denote numerator and denomi-
nator, the expressions are
N (A)(n, L, S) =
∑
m,i
∣∣∣∣
〈
Ψ0
∣∣∣∣Z~rir3i
∣∣∣∣Ψm
〉∣∣∣∣
2
×
(Em − E0)
−1 ln |Em − E0|
(6)
and
D(A)(n, L, S) =
∑
m,i
∣∣∣∣
〈
Ψ0
∣∣∣∣Z~rir3i
∣∣∣∣Ψm
〉∣∣∣∣
2
(Em − E0)
−1 .
(7)
The Em and Ψm denote the intermediate energy levels
and corresponding wave functions, E0 and Ψ0 denote the
initial state.
Using the commutation relation
(Em − E0)〈Ψ0|~p|Ψm〉 =
〈Ψ0|[~p,H ]|Ψm〉 = −iZ〈Ψ0|
~r
r3
|Ψm〉,
(8)
one can get the BL in velocity-acceleration (v-a) gauge,
N (V A)(n, L, S) =
∑
m,i
〈
Ψ0
∣∣∣∣Z~rir3i
∣∣∣∣Ψm
〉
〈Ψ0 |~pi|Ψm〉×
ln |Em − E0|
(9)
and
D(V A)(n, L, S) =
∑
m,i
〈
Ψ0
∣∣∣∣Z~rir3i
∣∣∣∣Ψm
〉
〈Ψ0 |~pi|Ψm〉 .
(10)
3And the following expression of D(A),
D(A)(n, L, S) =
∑
m,i
|〈Ψ0 |~pi|Ψm〉|
2
(Em − E0) . (11)
The last formular is similar to the expression of aver-
aged dipole polarizability of helium if we insert 1/(Em−
E0)
4 in each term of the summation. Because of the ab-
sence of these factors, the high energy intermediate states
also have a great contribution to D(A). For the numera-
torN (A), the additional terms ln |Em−E0|make the high
energy intermediate levels more important. As a correc-
tion term, the numerical value of BL is small. However,
it’s not clear that how much the interval of intermediate
energy levels is needed to accurately calculate BL of he-
lium. Drake and Goldman pointed out that to obtain a
correct convergent result of BL of helium the maximum
of intermediate energy should exceed 106 [17].
III. RESULTS AND DISCUSSIONS
The maximum energy of intermediate states, Emax, is
crucial to the precision calculation of BL. In the case of
hydrogen, Ref. [22] shows that the Emax generated by
B-spline basis has a close relationship with the first non-
zero knot, T1. In the case of helium, firstly, we do the
calculations in rmax = 200, τ = 0.0875 and rmax = 400,
τ = 0.0475 respectively, letting the first non-zero knot in
the range of 10−5 − 10−6. In the two cases, under total
number of B-splines N = 50 and partial-wave expansion
length lmax = 2, the first non-zero knot and the Emax
are T1 = 2.38 × 10
−6, Emax = 1.85 × 10
15 and T1 =
1.17 × 10−6, Emax = 7.50 × 1014 respectively. Table I
shows in rmax = 200 and rmax = 400, the values of BL in
acceleration gauge for 1 1S state of helium under different
N with fixed lmax = 2. The extrapolated values of energy
are E = −2.903724(1) and E = −2.903723(1), having 7
significant digits compared with the benchmark result
E = −2.9037243770341195 [31]. And the extrapolated
values of BL are 4.3701596(3) and 4.370160(1), having
7 significant digits compared with the other high precise
results. The last two digits in the first result of BL are
invalid due to the limitation of the order of significant
digits of the initial state energy. These calculations imply
that the two sets of intermediate states generated in two
boxes are all available if the initial state is calculated well
enough. In the following calculations, we set rmax = 400,
τ = 0.056 and increase the total number of B-splines to
N = 70, partial-wave expansion length to lmax = 4 to
calculate the BL for n 1S, n up to 10, states of helium.
These parameters let T1 = 6.7 × 10
−8 − 3.0 × 10−8 and
Emax = 10
16 − 1018 in our calculations.
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FIG. 1: Relative difference η under different total number
of B-spline N and partial-wave expansion length lmax. The
relative difference means η(x) = (x − c)/c, where x denotes
our value and c denotes the other high precise result. Points in
solid lines and dash lines denote values in acceleration gauge
and v-a gauge respectively. Square, circle and triangle points
denote the results under lmax = 2, 3 and 4 respectively.
A. Energy Levels
Table II shows the convergence study of the ground
state energy of helium as N and lmax increase. As
shown in Table II, the extrapolated value for the ground
stat is E = −2.90372436(6), which has 9 significant
digits and consistent with the benchmark result E =
−2.9037243770341195 [31]. Table III displays the com-
parison of the energies for n 1S, n up to 10, states of
helium. As can be seen, ours results listed in column 2
have 9 significant digits and are consistent with the val-
ues given by Ref. [31]. These results provide the suitable
initial states for the following calculations of BL.
B. Bethe Logarithm
The convergence study of BL in two gauges for the
ground state of helium are displayed in Table IV and
Table V respectively. From these two tables, it is can be
found that the values in two gauges gradually close to the
other high precise results with N and lmax increasing,
as shown figure 1. Our extrapolated values of BL for
the ground state of helium are β = 4.37016022(5) and
β = 4.3701601(1), which have 9 and 8 significant digits
respectively. Our results are consistent with the other
high precise results. And the result in acceleration gauge
has 3 significant digits more precise than the result of
B-spline basis (see Table VI).
Our results of BL in two gauges for n 1S, n up to 10,
states of helium are tabulated in Table VI, which also
compared to the other literatures results available. In
this table, our results are listed in the 2th column, the
4upper values in each cell are of acceleration gauge and
the lower values are of v-a gauge, and so are the results
of B-spline basis listed in the 3th column. The values in
the 5th column are truncated to 10 digits.
As shown in this table, our results in two gauges are
self-consistent, having at least 7 significant digits. For
1 1S − 4 1S states, our results in acceleration gauge are
accurate to 9 significant digits, satisfied the current ex-
perimental demand. One can find that our results of
the first four states remedy the inconsistencies between
the results of B-spline basis and the other high precise
results or between the results of B-spline basis in two
gauges. For the 4 1S states, our result in acceleration
gauge is in the middle of the two high precise results.
Except for the 5 1S states, our results are consistent with
these high precise results. For the 8 1S − 10 1S states, a
good agreement can be observed between our results and
the results of asymptotic expansions. In our calculations,
most of the knots sequence of B-splines are concentrated
in the first half of the box. We think further optimiza-
tion of the knots sequence of B-splines may be helpful
to improve the accuracy of our results for higher lying,
including 4 1S and 5 1S, states.
IV. SUMMARY
In this article, the BL for n 1S, n up to 10, states
of helium in acceleration gauge and velocity-acceleration
gauge are calculated by using H-B-spline basis set. The
extrapolated results in two gauges are self-consistent and
are accurate to at least 7 significant digits. In accelera-
tion gauge, the results of BL for 1 1S−4 1S states are ac-
curate to 9 significant digits. Since the H-B-spline basis
has capable of describing the two-electron coalescences,
our results remedy the recent results of B-spline basis for
1S states of helium. Especial for the ground state, our re-
sult has 3 significant digits more accurate than the result
of B-spline basis. Our results are also compared with the
other high precise results. The comparison shows a very
good agreement except for 5 1S state. For the higher ly-
ing, including 4 1S and 5 1S, states, more precise results
of using H-B-spline basis might be obtained by optimiz-
ing the knots sequence of B-splines.
Furthermore, to overcome the numerical linear corre-
lation problem, we developed the MGSEPS. It is a MPI
parallel program and is not limited by the computing
decimal digits. This program enables us to complete our
calculations and saves us lots of time. This program, we
think, will bring more possibilities to precision calcula-
tions.
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